Assignment 1
SEM 2: Structural Equation Modeling
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Please hand in a .pdf file containing your report and a .R containing your codes or screenshots of every
Jasp analysis. The deadline of this assignment is Tuesday May 5 13:00.

Assignment
Part 1: Expected values
Before the COVID-19 pandemic took away all my social contacts, I often played the game Super Mario
Party on the Nintendo Switch:

In this game, you play a virtual board game with three friends. Each player plays a different character. The
game unfolds over a set of turns, which start by trowing a die:

After you throw a die, you move the amount of spaces equal to the number you threw. Typically, it is good
to throw high numbers and move many spaces, as it will get you faster to your goal than your opponents.
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However, sometimes it is also good to throw a specific number (e.g., throw a 4 to land on a specific spot). As
with many casual games, it helps to get an edge in the game by using math! Note, for all questions in this
section, use the formulas for the expected values and variances as explained in the video lecture. Do not just
give the answer, show how you obtained it in your PDF report.
Question 1 (1 point)

The standard die contains 6 values: 1, 2, 3, 4, 5, 6, which are all equally likely. What is the expected
number of steps you can move when throwing the standard die (0.5 point) and what is its standard
deviation (0.5 point)? Note: the standard deviation is the square root of the variance.


In the game, you choose a character to play. This has some consequences. Most importantly, each character
also has a unique die specific to that character. At the start of your turn, you can choose to throw either the
standard die or the character specific die. The dice of three characters are the following:

(a) Mario

(b) Dry Bones

(c) Shy Guy

Question 2 (2 points)

For each of these characters, calculate the expected number of steps you can move when throwing their
specific die (1 point) and the standard deviation of this number of steps steps (1 point).
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A concept related to variance is the Shannon entropy, which is defined as the expected value of the negative
log likelihood:
H(X) = E (− log2 (P(X = x))).
Here log2 indicates the logarithm with base 2 (in R: log(..., base = 2)), X indicates a random outcome
(e.g. a dice result 1, 2, 3, 4, 5, or 6) and P(X = x) indicates the probability that X takes on some value (e.g.,
in a standard dice 1/6 for every possible outcome). Like the variance, the above expression reads as an
expected value of a function of a random variable, and we can readily calculate this when we know the full
probability distribution. For example, for a standard die we obtain:
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## [1] 2.584963
This value gives the average number of bits (0 or 1 in computers) needed to encode the outcome1 . A lower
entropy means that less outcomes are likely, regardless of the value of that outcome. For example, if we flip
a coin and get e 1,000 if we get heads but pay e 1,000 if we have tails, the expected value of the money we
win is e 0, its variance and standard deviation are high (each flip we win or lose a lot of money), but the
Shannon entropy is low (there are only two outcomes: heads or tails).
Question 3 (1 point)

Calculate the Shannon entropy for the dice of every character.


We now have three measures per die: (1) the expected value encoding the average amount of steps we
move when throwing a die, (2) the variance/standard deviation encoding the spread (uncertainty) around that
expected value, and (3) the Shannon entropy encoding the uncertainty in number of outcomes, but not the
amount of steps. We also have four dice: the standard die you investigated in question 1, and the character
specific dice you investigated in questions 2 and 3.
Question 4 (1 point)

Which die do you think is the most appropriate in the following settings? Briefly argue your answer (at
most one sentence)
• I want to throw a die that gives me the most predictable outcome
• I want to move the most amount of steps on average
• I want to move a lot of steps on average, but also want to be consistent in this (at least move a few
steps every turn)


1 One interpretation is that the average number of yes/no questions we need to answer lies between H(X) and H(X) + 1. For
example, if we want to now the result of a fair die, we can ask the questions (1) is the result above 3? and (2) is the result even?
Now, if the result is 2 or 5 we already know the answer, but if it is not we need to ask one more question to distinguish between
1 and 3 or 4 and 6. As this is twice as likely, we would have to ask this question 2/3 times. Thus, on average, we need to ask
2.666 . . . questions, which is between H(X) and H(X) + 1. See also https://math.stackexchange.com/questions/2916887/

shannon-entropy-of-a-fair-dice
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In the game, you can also collect and use some items. For example, you can obtain the golden dash
mushroom:

The effect of the golden dash mushroom is that a fixed score of 5 is added to your die throw, making you
move 5 steps further.
Question 5 (1 point)

Choose your favorite die, and calculate the expected number of steps you would move as well as the
standard deviation after using a golden dash mushroom. Use the rules of expectation and covariance
algebra as discussed in the video lecture.


Another mechanic in the game is that you may at some point gain an ally:
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The effect of an ally is that every time you throw a die, your ally also independently throws a small die that
has a 50% chance of throwing a 1 and a 50% chance of throwing a 2. Your throw is summed with your
allies throw to give you the total number of steps you move. So, for example, if you throw a 4, and your ally
throws a 1, you move 4 + 1 = 5 steps.
Question 6 (1 point)

Choose your favorite die, and calculate the expected number of steps you would move as well as the
standard deviation when you have an ally. Use the rules of expectation and covariance algebra as
discussed in the video lecture.


Part 2: Covariance algebra
Given the following structural equations:
yi1 = β yi2 + γ11 xi1 + εi1
yi2 = γ21 xi1 + γ22 xi2 + εi2
This model has two endogenous variables (y1 and y2 ) and two exogenous variables (x1 and x2 ). The
exogenous variables are always allowed to covary, so make sure you include a covariance between x1 and x2
in your model below.
Question 7 (1 point)

Draw the corresponding path diagram. Make sure the path diagram contains every parameter, is clearly
labeled, and is clear. You do not have to draw the exogenous variances (but do draw the exogenous
covariance).


Question 8 (1 point) How many degrees of freedom does this SEM model have?



Question 9 (1 point) Derive Var(y2 ) using (univariate) covariance algebra.



Question 10 (1 point) Derive Cov(x2 , y1 ) using (univariate) covariance algebra.



